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Introduction

9.9)

Quantum cosmology (QC):
treat the universe as a single quantum system

e Canonical quantization of the universe

ﬁ\lﬂ) = (0 Wheeler-DeWitt (WD) equation

Quantum state of the universe is contained in
the wave function of the universe  Y¥|[q] = (q|¥)

We expect to obtain origin and history of our universe
by analyzing the wave function of the universe

® There are several issues to be considered in QC:
problem time: how can we derive dynamics of the universe?

probability: conserved charge is not positive definite
how can we define probability?
Prediction of the wave function : relies on WKB analysis

boundary condition: how do we determine BC of WD eq.?
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Boundary condition
Hartle-Hawking (HH): sum over compact Euclidean geometries
v(q) = [1dNdglexp(-Slg. N)
path integral dominated by regular Euclidean classical solutions

Vilenkin (V): wave function is purely outgoing at the infinity of superspace
tunneling type

(HH) prefers small values of cosmological constant

e (#)

A(9)

(V) prefers large values of cosmological constant

P@)~exp (-5 )
ekpala e
A(P)
Our present universe: large scale structure, isotropy of CMB
® we expect our universe has experienced inflation with & > 60

® our universe has small value of cosmological constant

The purpose of QC is to explain these features of our universe
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Purpose of this research

We want to say something about boundary conditions of WD eq.
by imposing observational constraints

(HH) or (V) or others ?

e model: closed FRW universe with a massive scalar field with a
cosmological constant (toy cosmological model)

e constraint: sufficient number of e-foldings of inflation
N > 60

We investigate which type of BCs of the universe is preferable
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Mini-superspace model

A closed FRW universe + massive scalar, cosmological constant

action : :
S = /d4x«/—g (R—2A) — = / i = [(BMCD)Z o m2¢2]
167G 2
metric
2 3 N2 2 2 P
ds? = = —7d)& + qd 23 mini-superspace (¢, ®)
Hamiltonian

kN[ 1 =0 | -

dimensionless parameters
4 (GG 1/2 3 e On
— _ — — K:—
é={r e ¢ (A) - 2G4
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Classical solutions

Hamiltonian constraint

N2 e
d

2 | (@2 o m2¢2)
scalar field eq.

A =k [0
2n G 2

Inflaton potential

A
2
m- .-

\(y/
> O

Bam 3

& a 2 5

O+3|—-]1D+mDd =0
A

Inflationary solution
slow roll condition

B < (9) B, D2 < m2e?,
da

# A universe expands with acceleration

duration of inflation depends on initial values of

N = In (ﬁ)
dj
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e-foldings

a >0

¢

<= predicted by the wave function
of the universe



small mass u < 3. large mass u > 3
‘\\\\“- {i:j.//// \\\\\l:t://///
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small m?/A large

slow roll == over damp slow roll = damped oscillation

The universe continues accelerated expansion forever
due to the cosmological constant in this model
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Wheeler-DeWitt equation

Hamiltonian constraint

H(q,pq,¢,p¢) =0

—>—ii —>—ii
pa aq’ p¢ a¢

o 02 [ 9 1 E
(4 )= 3+ av@ | w6 =0

2K= X dgs g 0>
] ,uz Sen S L2
V(¢)E§‘|'7¢2 - “_(Z) m

As we cannot solve this equation analytically, we obtain the wave
function numerically.

Two dimensional wave equation and can be solved with suitable BCs
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Structure of mini-superspace (¢, ¢)

scale factor matter field

WD equation (KG type eq.)

1 GA8 = diag(—4, L )
AB
[—-—2—G 040p + U(q,qb)} V(g,p) =0 1

U(q.9) = — +4V(9)

q Lorentzian region:

A Lorentzian
qg > 1 W~

Wave function has WKB form

trajectories
“semi-classical” universe

| Ulg,¢) =0 Euclidean region: U(q, gb) <0

b,y
by
--------

Euclidean > ¢ classically forbidden region

g ap -, °F

How can wave functions predict
classical trajectories (universe)?

“quantum” universe
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de Sitter case V(¢) = const.

d2
( quz El 2qli) W(g) =0  Schroedinger eq. with zero energy

potential

(HH): superposition of expanding and
contracting universes
g > 1
W~ oT4/2 Ve e

(V): purely outgoing wave
tunneling type

qg > 1
U~ e~ 9/2 U~ e'®
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de Sitter case V(¢) = const. Halliwell, Louko 1989

® General solutions of WD eq. in terms of Airy function

G(qlg0) = c1Ai(z9)Ai(z) + ¢2Bi(z9)Bi(z) + ¢3(Ai(z9)Bi(z) + Bi(zg)Ai(z))

(wave functions as transition amplitude from 9o — ¢q )

—2/3 AV ~2/3
=20 =(F) -2¥). n-:0-(F)

typical wave functions

WHH — W2 7 ‘:p3 ~ CXP (—I— £V> COS S() ¥ = (2V)_1/3Ai(ZO)Ai(Z)
i _1/3 s -

Wy = ¥, +i W, ~ exp (~&) exp(~iSo) =0V Biagnd)

W, = (2V) "3 Ai(z0)Bi(z2)

S W@» Vg~ Y2~ T

(HH) and (V) can be represented using three functions (solutions)
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We parametrize solutions including (HH) and (V) using two real parameters

We = tana(cosb ¥, —isinb ¥q) + Vs,

; v/ v/
= ?V <
W3

lPHH v,
° >
0 /4 G175

space of BCs

0<a,b<m/2

W, = (2V) V3 Ai(z0)Ai(2)
W, = (2V) " 13Bi(z0)Ai(z)
W, = (2V) V3 Ai(z0)Bi(z2)

wave function

parameter (a, b)

asymptotic form for g > 1

YHu 0 ~ exp (—I— %) cos So

oy (3.3 |~exp (- ) exp(iSo)
/8 s ~ exp (—65) cos So

1/ 7.0) ~ exp (4—%) cos So

W3 (0, any values) |~ —exp (—%) sin S

We specify BCs of WD eq. for non-constant potential case
using this parametrization
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WKB analysis and probability Hartle, Hawking and Hertog 2008

1
|:_§GAB8A8B + U(q,gb)} Y(g.¢) =0

WKB anzatz
lp(qA) B C(qA)e—%I(qA) phase function is complex In general
7 i IR —1S
0 : e i 2 A e
OB == Wil b
h = IV N ) conservation of current
If the condition holds we obtain the Hamilton-Jdacobi equation
VIR|? 1 . 3S
| VS ==t PA = 7—
VS |2 = 2K2( 25 g4

“classicality” condition

WKB wave function e B C D (g4)e~Ix' @SV @
[ =saddle
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Conserved current of WD eq.

25 i .
Ja = i(tp Va¥ —OV,o*), V-94=0.

For WKB wave function,

I et )Y ST VoI

We consider a hypersurface 2/, on which the classicality condition is satisfied.
Define probability measure for expanding universes on 3. by

P@P)=JT -n=—|C|?exp(—2Ig)V,S Pgq=—045 <0

density of trajectories crossing Y.

» probability for ¢
P(P)

n SR unnormalized
classicality surface 3/,

ey ---.‘¢

>

classical trajectories
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P(¢) on X, A value @ on Y. determines A

' inflation

! sufficient inflation : over Planck
' e « energy density

Qbmin glbsuf ¢pl

Conditional probability for sufficient e-foldings of inflation

(bpl
¢suf

ngp.l d¢ 33(¢) 4= prob. of inflation

do P (¢p) 4= prob. of inflation with N > 60

PsufEP(NZ6O):

®min : end of inflation driven by scalar field
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Probability of boundary conditions

For a wave function with a specific BC, it is possible to obtain probability
of sufficient inflation

Pait = P(S|B;)

On the other hand, result cause
probability of BC under the condition of sufficient inflation is

P(B;)P(S|B;)

P(B;|S) = Bayes' theorem

cause result Zk P(Bk)P(S|Bk)

P(S|B;) probability of sufficient inflation under a specific BC

P(Bj) prior probability: assume uniformly distributed
SLiebls (principle of insufficient reason)

We represented {B; } using two parameters a, b
Probability of boundary condition under restriction of sufficient inflation

P(S|a.b)

P(a.b|S) =

[da'db’P(S|a’,b’)




i i i H.S bu & YN
Numerical analysis of the wave function 'Suencou&¥n

We solved the WD equation numerically q
and obtained wave functions for 9x9 BCs 4
b Lorentzian
T2 : :
00 00000
o0 00000
o0 00000 =
e0cocoo :
saa ko g EUCIOEAN To,
o0 00000
o000 0 >¢
0 /4 /2 -
space of BCs 2000x200 grids in mini-superspace

5-step Adams-Bashforth method

Boundary condition for WD equation: exact solution for constant potential
parameter a, b

W(Qini, ¢) = 'JPC (ginia ¢)a 8qlp(qmia ¢) = 8q ‘PC (Qinia ¢)
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p=02  Im¥@,q)] V)

s

o.2o§

0.15;

0.10;

o.osé

B v

= =
T VST B e S e R

q q
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(. q) =3 mw(g.q)] (V)
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Extraction of probability from wave functions

>

classical trajectories

|

S
Ve, C ‘ :
Euclideari..._ classicality surface

e

(0) Obtain wave function with (a,b)

. T el ST
(1) Specify a classicality surface So(q,¢) = 6V(0) 2V(g)g — 1) .

(2) On the classicality surface, we obtain probability measure of inflaton
field from the wave function. =) initial value of classical equation

(3) Then, integrate classical eq. motion to obtain e-foldings for scalar field
driven inflation and obtain probabillity for e-foldings. \

duration of slow roll inflation
93



Probability of inflaton field (unnormalized) on the classicality surface
for various BCs

ot ‘fv L4
Van |,
° a
0 /4 /2

0 5 10 15 20 25 30 0 5 10 15 20 25 30

¢ ¢

e The wave function with (HH) prefers small values of potential
® The behavior of the wave function with (V) depends on the value of
U X m/Al/2
small W prefers large values of potential slow roll inflation never end

large W prefers small values of potential slow roll inflation ends at

1
d
94 : 231G
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Probability of boundary conditions P(a, b)

=02

/2

= /4

0
0 /4
a

p=3
/2
0.8
0.7
- 10.6
03 < 1/4
- 104

0.3

0.2

0.1

/2 0

0

/4
(1l

/2

N~ O o0

® Ux; is superior to Yy for large e-foldings of inflation

® | ocation and spread of peak depends on mass parameter U

small 1
P(¢)
Vs
-
T

P(¥3) = P(¥1)

25

large

P(a,b) can discriminate value of W

P(9)

71/2A E:.PV .
12 §
'.PHH v,
0 /4 /2

P(W3) < P(¥)



Probability of model parameter p ocm/A'/?

P(SIw) = [ dbP.(SID)P(®)

S PGMPGH - [dpP(SH)
(ulS) = =
JduP(S|w)P(n)  [dupdb Pu(S|b)
P, (S|Bi)
wave function
W Wy \E Ung Uy
=02 0.604 0.0512 0.627 0.0561 0.621
3 2 A0CIDF2 60 L0 s l0s T 1 Gl E0E 0 6 10"
P(p)
A
P(u = 0.2|5) = 0.999987
m) \
P(n = 3|S) = 0.000013 -
> 4
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Is preferred

~or a fixed value of mass,
arge cosmological constant




Volume weighting

physical volume

~

Y

~

2

NG

NG

_

> 2(9)

probabillity for large field value is enhanced

P,,(S|B;) with large mass is enhanced

27

P(Au)

- |

small cosmological constant
IS expected



Summary



Summary

e One purpose of guantum cosmology is to predict inflationary universe.

® |[ntroducing parametrization in BC space of the wave function,
we evaluated probability of BC under the condition of sufficient
e-foldings of inflation. The probability sharply depends of the value of
parameters in the model.

® prediction on model parameters

e treatment of oscillatory phase large u case

q
A
\ &

E superposition of WKB wave functions

technically difficult to decompose
each WKB components

u
e* Y
R
.
o*
*
TS
*
*
S
.
.
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Baysian update?

P(B;)P(S|B;)

2k P (Bi)|P(S|Br)

multiverse?

time

P<1>(a,b)§ (q.9) 7A
1...;

—_— STEH

30

P(B;|S) : posterior probability
P (By) : prior probability

time

P (a,b) i (¢.¢) 7A




