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Review of Lattice Theory

BEERE I ? RFZE % IR T CIEBT 2 T & T BRI
BHRNEREBREDRINEICRE S, BRI
e TR
/[ L L L [/
/o)y [ [ [/

2014/11/19 Kobe University



BFv -

/—(Eﬁ’ﬁ) Y- EJI/Z“EEEﬁ‘ﬁj

EANBEBE 5~ V8 A (2)

1
S:/d4[ETT <4F31/)

(Fuv = 0udy = 0, Ay + Ay, A)])

T— IR

Ap(@) = g7 (2)0ug() + 97" () Au(2)g(2)

%

(EEE’JE) E%‘beﬁ IZE iE%beEnﬁ:ﬁ

—

EXRGEBRE :

S = ZT’I“
T — IR

.

S )LAEEmIE. Vo

BFYY - )L

UK S
Uu(n) ~ el 4u(m) ¢ T(N)

U(n) = g(n) = Un(n)g(n +a

S )LRIEERD
BTy - Z)LAEH kEsmnnetitcsocng,

)

(n + a,u)UT (n + az/)UT(n))

>

—iﬁz—g_%)o

o B IR F T HRIENT W,

O—L YN SN T WS DY,

(T — I & 2T D Fo 8)

E iR TEIET %,

2014/11/19 Kobe University

Uy (n)

— Q)| —




BFIC L DIFDEHDENL (—HRGH

D a>0ET 2 EEERAOEANEONE ES5H. BELORBEER S,

QBRFLICHFZRDZL OXIEERERT LS ICTRKIT B,

A\ SEYETIASS [— (401 - = 7:3: > ,%STQ D ;\LZ\_J)LE¥ (;%Té D iz\_ﬂgj:ﬁ%)
*r—J—R > 1= )=t U7~
e S

2D ™5,

B (p(n)?) ~a 2 = a® > ap(n)® —»a® > a 'é(n)?
AEdrelevant operatorDNE U BHFICIE. THZEDIEZERANS5IWNT
HELDENH D, (fine-tuninge AZmEE)

WHMEZ T 07E LU THE LS &0 FD K S Krelevant operator &= =R ICEE
ITB5IENEKD, D&, BDIKRWEZ UL LG >THEHED R,

2014/11/19 Kobe University



T

BXEIEZE I OL SRy —VEHE

[%%%%Eﬁ%ﬁv?ﬁ?]

DAGIE - ¥ N PAN <
_ I PR B % 20175 &
{Qa, s} = 2005 B2 (DB (C 7
Y boson & fermion D & D XIFR 4%
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Review of
Sugino’s Lattice Formulation

Continuum Theory

4D N=1 SYM 2D N=(2,2) SYM
dlmen5|onal AM
reductlon ®, ® (scalar fields)
= i2 xTr FMN"‘ ‘I’FMDM‘IJ> S = —/dZ:cTT (4 T )
4

=F 2@X(D1)\2 — D2>\1) aF Z?]D'u)\u

_ in[cp, nl — x[®, x] + A.[P, Au])
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Supersymmetry

dimensional

reduction

-

-

2D SUSY transformation A
§A, = —ifl, ¥
etc... )

Transformation by & = (0,0,0, —€): § = 7eQ)

P
QA, =\,, QA\, =iD,®,
QP =1, Qn=][,9,

\_ Qx =Y, QYZ[(I)7X]7 Q(I):O)

~

Q* = gauge transformation by ®

that is

Transformation by Q is nilpotent.
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Action in Q-exact form

9 = L[ 2arr( v — 2iY Fio + |D,®|° + 1[<1> ®)°
— 29 4

. . 1 -
+ 2ix(D1A2 — DaAy) +inDy A, — 177[(1)777} — x[®, x] + AP, )‘u]>

1

1 _
= 55 | d*2QTr (4 @, D] + v (Y — 2iF)s) — zAMDMq>)
g

This action is manifestly Q-invariant

. 4

We can make Q-invariant lattice theory
by latticizing this form of action.

ldea
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Q-transformation on lattice link variable : U, = exp(iaA,,)
Hint: gauge variable: QA — )\

|

QUA(E) = M) U(x), @n() = D, () + A ()M (1),
QP(x) = n(z), ( ) = [ ( ) ()],
QX(CE) — Y(m)a QY( ) — [ (.I),X(ZE)], Q(I)(CU) —

Dyp(x) = U, (x)p(x + 1)U, (x) "' — p(x) * covariant
difference
Q satisfies

(Q)? = gauge transformation by ®

Note

All the lattice variables are dimension less, while

O, =0(a), M\,n,x=0(*?), Y=0(?, Q=0("?

for continuum variables.
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Lattice action

+ix(r)Qu(x) + i)\u(iﬂ)Dw(flf)>

p(x) is a Hermitian matrix which satisfies
() = 2a* Fia(x)

. , o gauge kinetic terms
in the continuum limit.
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Geometrical Structure of Sugino Model

bosanic fields fermionic fields
& &
JQ‘.X(?U)
D(2) n(z) [ A ()
®(z)
( ) ~ FlQ(Qj) has “plaquette” nature
)\,u (ZL‘) have “link” nature

: (I)(ZL‘ , (I)(QL‘) and n(z) have “site” nature
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eometric structure of the action

St = % Z QTr (in[@(x), B(2)] . site

— i\, (2)D,®(x) : link

+ x(z) (Y(z) — Zﬂ(%‘))> : face

o0 x(x)

P (x) P Y (x)
e ()

Ul(x)
Can we extend it to a general lattice?
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N=(2,2) Topological SYM on
Arbitrary Discretized Riemann Surface

.‘ Pps

Sites
S={sls=1,---,Ng},
Links
L ={(st)|s,t € S},
Faces
F=A{(s1,"*,8n)|51, ,$n €S, (s4,8+1) € L or (sj41,5;) € L}
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Fields on the discretized surface
(f = s : representative point)

f

Usta Ast (Ast — AstUst)

gauge transformation:

®, — gsPsg;?, D, — g:Psg; ", Ns = GsTsgy
Ust — gSUstgt_l, Agp — gsAstgt_la ()\875 — gSAstgs_l)
Yi = 95Yrg; " X = 9FXr97 s
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SUSY transformation

Qs

— [(I)&(i) ]
Q)\st— ( stq)t st

Qxr =Y.

‘

s,cm}

—idst (Ust® U —

QP, =0
Q(i)s = MNs,
QUS ZAstUsta
QYr = [Py, xy]
Action (proposal
S =585+ 5L+ 5 =0Q 4
~ 1 (1
He = 5 Tre —ns|
29§ 4
<= ! T <(
Sepy = —5 1T
ST 23|
= ! Tre xs (Y
== —=1rqy
\— 29(2) L PR
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arbitrary parameters
)} (at present)
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Comments

* |f we consider the usual square lattice as a
special case of the discretized Riemann surface
with setting a’s=B=1, we obtain Sugino’s lattice
formulation of 2D N=(2,2) SYM on torus.

* The explicit form of p(U) is determined so that
the theory has unique vacuum at U=1:

2 (Ur - Uf_1>_1 (2-uy-u;t)
RN R s A R e
(0 =07 (2o vy )

+(2—up v (UM —UpM)| for G = SUN),
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Continuum Limit

9:1/38

Assumption

e geometry of the continuum Riemann surface is fixed.
e discretization is sufficiently fine to approximate the Riemann surface.

e We can identify the index s of a site with a 2D coordinate x;.

Lattice spacing

a?NF:/Z d?z+/g(x),

Continuum limit g

a — O7 NF — OO with fixing CL2NF — A (area)
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Area of a face

aQAf:/ d*zr\/g(z),
o

Measure in the continuum limit

a2ZAf%/E d’xr\/g(z),

JeF

Covariant vector corresponding to a link

a

7
6st

(ZC;I; o ZC’?) ’
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Correspondence between lattice and continuum fields

/CIDS = aq)(xs)

Ust — 6zaest
3

L Q=a'?Q,

3

O, = ad(xs), ns=a2n(zs),

(x3+2 st ,

x5 = azx(zy).
98 — CLQQ%d-

™

p p
At = &262a63tA“(x8+268t)68t)\ (Q;S + est)e saeb  Au(zs+gel, /
2
Yf —a Y(CUf),

)

b, Dy, s

2014/11/19

= s : representative point

YfaXf

Usta Ast (Ast — AstUst)
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Action in the classical continuum limit

/Ss = 2& > a’ Ay (Z —TI‘( [q’(a?s)a@(%)])> : \

9ad feF SES}

. ol
St = 2% ZazAf ( Z f testTr{ iAu(25)D, @ (x5) + Ofa )}) ;

(st)yeLy
o3 Ay (“fTr{ (@) (Y(xf>—wafiFWw(a))}),
\ de fer g(xf) /
1
continuum [ . f; IS, A=A Pr=gn
limit Z<st)eLf (st) € eseq = Argh(wy).

Topologically twisted 2D N=(2,2) SYM theory
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Radiative corrections

(z) = (B(x))’
+ The action is invariant under the U(1) transformation,
d — 2P, P e P, A, — A,
n—e 'n, A, —=e%A, x—e Y.

* Because of the Q-symmetry and the U(1) symmetry, there is no relevant operator
which breaks other symmetries in the continuum limit.

T : independent
®(x), O(x) naent
hermitian matrices
* There is no additional U(1) symmetry.

* We need to add the local counter terms,

o >ees Tr (c1®2 + 2®) for G =U(N),
“- > ees Tr (1 92) for G = SU(N).

to the action.
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Review of localization

~ preparation ™

ﬁneral Setup \

. . x* : bosonic variables
S = S(x*, ") :function of

" . fermionic variables

invariant under the “supersymmetry”,
Qz' =", QU'=7X"(z)
QS = 0

that is,

.

4
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ﬂ?roposition
Consider the integral,

7, = / drdipe >tk

N

It Z; is t-invariant, Z;—9 = Z; and the saddle point approximation

Qt t = oo 1s exact.

4

Localization

Once t-invariance is guaranteed, we can estimate the integral

as a summation over saddle points:

4 = Li=0 = Lt=cc

— Z e H(@0) » [gaussian integral of K around ]

x():S.P.
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Claim 4 Hamiltonian

In many cases, the expression, S=H(z)—w(z,v¢
Qz, v

— —
—

Zt = /dgjidwieS—FtQE \_ Kamllgon?an

is t-invariant for a function Z(z, ) satisfying Q*=(x, ) = 0.
(We need some conditions (later).)

-

“Proof” (karki-Niemi 1994)

Under the transformatlon

v =2 4 6t 2Pt =2 4 6t 2 (Qxh),
Y=Y+ SEX = + 5t E(QyY).
1) the “action” is invariant: 5(5 — QE) — ()
2) the measure changesas g/’ o) = (1 4 0t (QE)) da'dy’ = €' @=

Thus we see

7, = dx/idwlie—S(a:/,wl)—l—tQE(:ﬁ’,t')

_ / dxidwie—S(a:,zb)—l—(t—l—c?t)QE(:v,w) _ Zt—|—5t
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Trivial example: gauss integral

1 )
{ S = §($2 + y2) + VoV, 7 = /d:cdydwmdwyes = 27

/

& SUSY transformation R 4 “Kamiltonian” N
QQZ — 1%7 wa — Y, — ijy I y’(px
Qy:wy7 wa = I, S — E

N . =S5 =00 )

deformed partition function

7, = / dxdydipdip, e 19=

- / drdydip, dipe ™2 (2% +y%) —tatpy

= 27
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Slightly nontrivial example: height function

A
:/Oﬂdﬁf()%cwsiné’e_ﬁﬂ, (H = —rcos?0) \\
= %/dedwwed@b%_ﬁs, (S = —rcosf + sin Oyp?4p?) -
2m ( Br —Br)
\_ B Y
/" SUSY transformation N [ ukamiltonian” N\
Q8 =", Q¢ =0 = = rsin® ¢

Qo=v° QY®=r. 5 @ rsin 20974°

saddle point at ¢t — oo:

_ l —BS—tQ=
= / dfdpdipedibge 0=0, r
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(1) 6~ 0
action at 6 = 0] = /d¢e‘53(9:0) = 27e”"

| 1

1-loop around 0 ~ 0] = —

r

(2) 0~

action at 0 = W] _ dgbe_55<9:0) — 9= BT

ﬁ . 1

1-loop around 6 ~ 7| = —

| r

1 /2 2
Li—yoo = — (—Wem 7T€5T>
b\r r
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Non-trivial example: Harish-Chandra-ltzykson-Zuber integral

P
7 = /dUe_BH UcU(N)

A = diag (a1, ,an)

_ /dUe—Btr(AUBUT) B = diag (by, - ,by)

~

o %
/Deformation \
— tr t
Z. = / dUdgePH+e | = (ATBUD
where ' W = —§t1‘ (w[Xa w])
_ i
N X =UBU )
SUSY /" relation h
QU = iU Z,=A0b)Z
Qv = iBA + i) . A(b)Eg(bi—bj)

/
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“Kamiltonian”
= =10tr ([0, X]|A4, X]) Q==p°K - 3Q
K = —tr[A, X
(} = —tr (W»X] [Aa [¢7X]])
Saddle points
K=0< X =UBU"diagonal & U =T,, (o€ Sy)

Contribution from a saddle point o

N
[action at S.P.] H eBaibo (i)
i=1

[1-loop around (_1)|0|(27T)N > (L S X (QtB)N(N_l)/2A(CL)A(b)2

Aa)2A(b) ,T

measure  U(1) modes boson fermion

Summation over all saddle points
N(N-=1)/2 aib.
T det; ;(e%i"i
J = (27T)N () m( ): HCIZ integral !

3 A(a)A(b)
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B0 DVEEE Hight function
N %/ d0dpea® dap® 0 (=7 cos O+sin 00°47)

27’(’ ( Br —5"“) Qezwe, Q¢9:0
GG , L Qe=vt Qu=r
Q-exact?” DX BN b 5 o o o

{ATE DN 2
" =2 +6t=(z) )t WMPOBRETSI ML S S

INTA—=FTHTFET B &K D 7%KamiltonianZ £ S & localization (KK 5,
“Damiltonian”

INTGA =T IRFHER>RHEIE»ALERDIZREDND S,
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Topological Aspect of the
Discretized Theory

7 = /d<I> dnsdYsdy s - - - e 3(Pe®or)

d(I)S ceee (Qs Doses Ss I 2 siyer Ssty T Doper B tIf D fer Ef2)
1 T — _ . = -1 _
Tr 1775 (D, D] ¢, E(sty = Trq —idg (Ustq)tUst _ q)s) 7

2 = Tr{Xfo}, =f, = Tr{—ixfu(Uf)},
From scaling argument, Z = Z(gs/97. 91./97,)-

We can take g, — oo without changing Z.

Integral is localized to the saddle points.
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Fixed points
S _ _ (I)sUst — Ustq)t =0
non-trivial fixed point equations: U:) =0
(Uy)

e N
Ust — FO-S-t (Ust = SN)

o, =T &I,
\ i J
The eigenvalues of @, are independent of s.

1-loop contribution
ghosts c¢s, . face variables

(AP x (AR (g, )
(A(¢))#links) 5 (A(¢))# (sites) i

link variablea Usg; site variables @,

U‘ 1
@ fU:F

1<J

_ H — ;) )X €——Euler characteristic !
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Partition function

z =N [, T](6: -0,
1<)
* Nis a constant.
* essentially the same with the partition function of
topologically twisted 2D N=(2,2) SYM.
* |t depends only on the topology of the network.
* Independent of the detail of the discretization.
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Summary and Discussion

* We discretized topologically twisted 2D N=(2,2) SYM
on an arbitrary discretized Riemann surface.

* The partition function of the discretized theory
depends only on the topology of the generalized
lattice and is essentially the same with that of the
continuum theory.

* Simulation of gauge theory on an arbitrary Riemann
surface?

* Dynamical triangulation with keeping Q-symmetry?
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