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Introduction

Physical significance of extended objects
= Topological defects e.g. cosmic strings etc
= D-branes
= Braneworld universe model
= AdS/CFT correspondence

Extended objects (cosmic strings) are
described by PDE

= Nambu-Goto equation, etc.
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Cohomogeneity-one object
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e.g. —FRFHETI/
Friedmann universe model,
Bianchi universe model

Einstein A8 = Friedmann A=
P.D.E. O.D.E.

Cohomogeneity-one string & 2 %



Advantage of C-1 Objects

Tractable and physically interesting

Homogeneous | Cohomogeneity-1 | No symmetry

To solve Simplest Simple Difficult
(algebraic) (ODE) (PDE)
Variety Poor Rich Richest

Physics Trivial Non-trivial General




C1 string in a maximally symmetric space

SIMEDELEZEFOCT ANJUTIZIZWAALGEEIHS.
EENHIERIEL, BIZLO.D.E.IZHEHA,
FNLIEENEEEN? = Chaos?
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Minkowski, de Sitter, anti-de Sitter
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Cohomogeneity-one strings



Trajectory of a String
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World Sheet




Equations of Motion

Nambu-Goto string: EfEHB/N KEIHFFE
[Symmetry ] 87;{\/—77”8]-)?(0, )} =0
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Strings with Spacelike Symmetry




Cohomogeneity-one (C-1) object

(k+1)-dim. C-1 object
= foliation by k-dim. Homogeneous Hypersurfaces

s M, A

L/

€.g. homogeneous universe e.g. string with symm.



C-1 String

A Killing vector field 1s \
tangent to the worldsheet




Area elements

A Killing vector field 1s
tangent to the worldsheet

dA=|gldl, | &

|

=

di = (guv — Euév/1€[?)datda



Nambu-Goto action

S fdA:/ dl
< Z\ﬁ\ 1

— fc\/(g.g)hwd:p“daﬂ/
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Dynamics of C-1 String

C-1 Nambu-Goto string associated with a Killing vector

m (M, g) = (O,h) y
M : target spacetime
O = M/ : orbit space

hab = 9ab — &ap/ [, [ = &a&”

N-G action

S = / V Fhopdztdz?
C

Geodesic equation (ODE)

m~}e)

¢2'r (C)
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Example: Stationary Rotating Strings
in 4D Minkowski

Target space
ds® = guvdat dz”
= —dt® 4 dp® + p*d¢” + dz°

Consider a Killing vector

§ = 0 1+ 20,

Ogawa, Ishihara,Kozaki,Nakano,Saitoh, PRD78, 023525(2008)
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Target space

ds® = guvdztdz”
= —dt* + dp® + p2d¢? + dz?
ﬁ § = 0 1+ 20,

Metric on the orbit space

ds® = (1 — Q°p?)(dp” + dz*) + p°dyp?

Stationary rotating strings = geodesics on this metric
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Solutions




Strings are Rotating




Example: Toroidal Spirals
in 5D Minkowski

ds?

guvdat dz”

—dt® + dp® + p2de? + d¢Z 4 C2di?.

6t, 8¢, 8¢ are commutable Killing vectors
We consider C-1 strings with

£:8¢—|—a(‘9¢

T. Igata, and H. Ishihara (2010)
T. Igata, H. Ishihara and K.Nishiwaki (2012)



Orbit Space for Toroidal Spirals

Killing vector
Projection tensor

h,uz/ — Juv gg%/

C-1 string associated with & is equivalent to
geodesics 1n the metric of 4-dimensional orbit space

dss (€ &)hyjda’da?

= (p” + a2 (—dt® + dp® + d¢?) + p>?d>.
Y=Y —ag

Killing vector MEM B Y7ZLY !



Geodesic Particle in Orbit Space
Hamiltonian

N 144
H o= (€O hpp;+1)

g (02 ‘|‘1a2C2 (_th +pp + pg) | pzlgng% T 1)
Constants of motion E=yp, L= DG

Effective Hamiltonian

N 1 (2 + p?) E? - L2 .
T o\ 222\l TR T o 22 T o2

Killing vector M EM R YLZLAY, fEITD !




Solutions
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In general

Let (M,g) admits isometry group o generated by
a Killing vector ¢

Consider the orbit space M /¢
We introduce the metric

gafb
ha — ) ab —
b ‘f f| (9 b f‘f)

on the orbit space M /¢ .

H.Ishihara and H.Kozaki, Phys.Rev. D72 (2005) 061701.
T. Koike, H. Kozaki, and H. Ishihara, Phys.Rev. D77 (2008) 125003
H. Kozaki, T. Koike, and H. Ishihara, Class.Quant.Grav. 27 (2010) 10500
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Results

Consider the n-dimensional sphere as A1, for example,
We show all possible orbit spaces
with the metric

ga&)
hy = |€ - oy —
b ’f §| (gb €.€>

are geodesically integrable, i.e.,

Hamiltonian system describing the geodesics is integrable
in the Liouville sence.

27



Orbit space
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“®NERIHE” traditional candy

Isometry group acts

“BrE %3~ 5 orbit space !



Metric on an orbit space

gagb
ha — . a
b |§ f| (gb <. f>

£ =RET5 2




Dynamics of Cohomogeniety-1 String

Cohomogeniety-1 Nambu-Goto string
associated with a Killing vector &

r i (M,g) = (O,h) |

¢2'r (C)

M : target spacetime

6 (C)
O = M/ : orbit space .
hab = Gab — Eabp/ [, [ = &a&” ]

N-G action O

S = / V= Fhopdz®da®
C

Geodesic equation (ODE)



Classification of
Killing vectors

32












Equivalence of Killing vectors

Equivalence class of isometry

g, ¢ € IsomM g~ ¢
@ 3¢ € IsomM st. ¢ = pgo~!

Conjugacy class

Equivalence of Killing vector

Ene @ €=¢&///i

5/
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Isometries in x-y Plane

‘\

—> 5> 5> >

R
T R R
= R S
= R T T

3 linearly independent Klling vector fields



Equivalence Class

PP ) RN
44114 — > > > >
t 444 > >

an+5Py‘|‘nyNLa:y

Equivalence classes { Py, ny}



[sometry in R?
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Classification of Killing vectors

4-dim. Minkowski 4-dim. Euclid
Type Canonical form Type Canonical form
| alP; + bL,, I aP, +bL,,
11 a(P; + P,) + bL,, 11 al ., + 0L,
I11 alP, + bL,,
IV aP, + b(Ky, + Lyy)
v ab. + iy, P :translation
VI aly + b(Ky + L) L :rotation
Vil altiz + 0Lay K :Lorentz boost

Ishihara and Kozaki PRD(2005)
40



Trivial example 4-dim. Euclid space

R*  ds? = da? + dy? + d2® + du?
Killing vector for reduction

Reduced metric

452 =(¢ - &) (gu,, ?{fg) drdz”

=dz’ + dy° + dz*

Killing vectors Oy, Oy, O,
41



Non trivial example :4-dim. Euclid space

4
R ds® = dr? + rid¢s + drs + rydes
Killing vector for reduction
§ = a18¢1 + &28052 §-§ = a17“1 + a%rg

Reduced metric

. AAYI
=(£-¢€) <9W : 5) dztdzx

(a%r% + azrz)(drl + dfrg) r1r2 di)*

Only one Killing vector Oy
42



Killing vector &5&1E %t FRfE

Type tangential Killing vector & basis of C(£) n
P, +al, (a #0) P, P, L. 2

P, Py, Py, Py, P., Ly, Ly, L. 3

L, P,P, L, K, 3

I1 (P, + P.) +alL, (a #0) P, P, L. 2
11 P+ P, Py, Pp, Py, P,y Ky + Ly, Ky — Ly, L, 3
11 P, +alL, (a #0) P,P,,L, 2
I11 P, P, P, P, P, L, K,, K, 3
IV P, +a(Ky + L) P, P,,P,,P, +a(K, — Ly),K,+ L, 2
V P, +aKy (a #0) P, P, K, 2
\Y K, P, P, L, K, 2
VI Ky + L, +aP, (a#0) Ky, + L, +aP,, P, — P, P, 2
VII K, +al, (a#0) L. K. 1

n=3: — ¥k
n=2: 5)&1'5—C—7"§
=1: —FR T A -

43
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Example :4-dim. MinkowskifFZE
ds® = —dt* + t*d* + dr* + r?d¢?

Killing vector for reduction

ga. — Kz + (I,Ll,y — Oly + a,é)qb

metric

t2r? .
ds? = (t? + a*r>)* | —dt? + dr?® + — —_do?
i ( ) t2 + a?r?

a =1 M EF Killing tensor
K = a®r*(t* + a*r®)dt* + t*(t* + a*r?)dr® + t*r*(t* — a*r®)do”

NFEET S




Example :4-dim. MinkowskifZE
ds® = —dt* + t*d* + dr* + r?d¢?

Killing vector for reduction

ga. — Kz + a,ny — Oly + a,c‘?qb

metric 12,2
r .
ds; = (t* + a*r*)® (—dt2 + dr? + — d02>

t2 + a?r?

& AL f= e B ]
fEaEELS?
a =1 ) &ZF Killing tensor

K = a*r*(t* + a*r?)dt* + t*(t* + a*r®)dr® + t*r*(t* — a*r*)do”
MFET D
45




Killing Vector Fields in AdS®

Type Killing vector field &
(4|0) Ky + Ky + Joy + L + 2(Jyz + K»)
j:(371 O) K:B_I_Ky_l_Jyzijxw‘I'a(Ja:y—L:Fsz)
(2,2/0) Ky + L+ aldy.
(2, —2/0) Kz + Joy + adzw
(2,1,1|0) Ky + Ky+ Joy+ L+ aJu+b(Jzy — L)
(1,1,1,1]0) aL +bJpy+cJu (a2 4+ 0%+ c2=1)
(2|1) Kw+Ky + L + ny+CLsz+b(Ky+Ka:)
(1,1]1) Ky + Ky +b(L — Jzy) + ¢ Jow
(0]2) Ky + Jey+a K, (a#0)

(0[1,1) aKz+bKy+cJu (b# +a, a2 +b2+c2=1)

C-1 strings in AdS?® are classified in 10 families.
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Integrability of geodesics
on an orbit space

48



Geodesic Hamiltonian

metric  ds* = g, dz"dx"

Hamiltonian
1

H = 59“”1?,491/

Canonical equations
i’ = {x” H}

P ={p", H}
Poisson bracket

{F(p,z),G(p,x)} :

=) geodesic equation

_ 0F 0G 0G OF
- Ozt dp, Ozt Ip,

49



Killing field and constant of motion

If the metric admits a Killing vector
Leguw = V(uév) =0

The quantityQ = ¢#p, is conserved.
Q=1{Q. H}
— {gup/u H} — (vugy)pupy =0

If the metric admits a Killing tensor
V( )\K pv) = 0

The quantity Q2) = K" p,p,1s conserved.
Q) = {Q«2), H}
50 = {K"pup,, H} = (VK" )prpup, = 0



Integrability of Hamiltonian system

The Hamiltonian system with the degree of freedom N

is integrable 1n Liouville’s sence

if the number of independent Poisson commuting invariants
(including the Hamiltonian itself) 1s V.

{H,Q;} ={Q;,Q;} =0,t=1,2,---N — 1)

51



Restriction of Hamiltonian

9" pupy = (9’“’ gugl/)p p 'gugyp p
a g-¢ )T g et

= W™, - (fupg).(gypV)

1
Hh — 5 huupupu
1

B §9Wpup1/|§p=0 = Hy|ep—o

52



If
1

Hy, = 59’“/17”1?1/
7 1s integrable
&"pp =0
then Vl
Hj, = ih’“’pup,,

1s integrable

53



H,

2
gﬂpu:O
N
-
2

54

LV
g ppp,/ >
H, = -
S(E- 67 g™
PuPv

7
gpu:O

hl“/p P > — p
7
V ~~
H !
h — 3
v



1

H, = —
99
€Mpu:()
N

1

Hy, = —

55

2

If

N

1s integrable

v r ]- — U
9" Pupy === Hy = (€ &) 9" pupy
gupu =0
then

~ 1 B ,
hHVpMpV =) Hh — 5(5 ' 5) 1h'u PuPv

1s integrable



Our aim

We show the system with the Hailtonian
1 - 174
Hq — 5(5 ) 5) 1gu PuPv
1s integrable, 1n the case of the metric Juv 15 §27—1

and ¢ 1s any Killing vector on 5271

If 1t 1s true, the system with the Hailtonian
1 - %
Hy, = 5(6- &) W,

1s integrable.
56



(2n-1)-dimensional sphere
S2n—11s defined by
ds* = dxi + dyi + dzs + dy; + -+ - + dx’ + dy;
vty syt ta+y, =1

Killing vectors
LfBixj (Z 7é ]>7 Lyz’yj (Z 7é ])v Lwiij (Za] =1,2,--- an)

The most less symmetric (€ - €)™ ¢ case is

f: Z aiLfBz’yi

i=1,n

57



Dangerous case

In the case of §27—1
(€-6)7'g™  with £= ) ailuy,
1=1,---.n

admits n commutable Killing vectors, 77 ,
and no more.

If we find (n-/) commutable Killing tensors,
the metric (£- &) g™
1s geodesically integrable.

58
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The Hamiltonian system
- 1 o
Hy = 5(5 &) 9" pupy = E

1s equivalent to the system

1

H; - 59‘“/])“]?,, —FEE-§) =0

We find constants of motion of the systemH, .

“Jaccobi’s Hamiltonian”



Killing hierarchy
We assume the constant of motion 1n the form
1
Q = —K(HQI;PMPV + EK(O)

1

59" Pupv — E-&)}

{Q Hy} = { Kz)pupv + E K (o)
_ V”\K@) papupy + E (K(“Q’;@#(g L€) — %K(o)g“”) Py
=0

We have V(’\K(‘;';) — 0

o0 0" Koy — K(0,(§-€) =0
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A 1/
% K(ﬂ 2) — =0 <¢m== Killing tensor egs. for §2n—1
MKy — K 2‘2’;81/(5 .£) =0 Reducible Killing tensor

!

OPOM K gy = MK 0,(6 - €) =0

Integrability condition for K o)
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n—1 n
o o 2 2 2
K(Q) — >, >, Cij(inmj + Laﬁz‘yj + Ly'imj + L

i=1 j=i+1

J

(n-1) independent ¢;;

2
YilYy

)

a; — a3)ci; + (a5 — ai)ejp + (af — aj)eg =0, (no sum)
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0" K o) — K(0,(§-§) =0

1 5 .
Q= 5 (Ké) + K(0)g" )pupu

Q :(n-1), n:(n), and H, are commutable.

The metric (€ - &)™ g™

1s geodesically integrable.



Results

We consider the n-dimensional sphere, for example.
We show all possible orbit spaces with the metric

B/u/ = (£-¢) (QW - ?%)

are geodesically integrable.

It suggests that cohomogeneity-one strings in (A-) dS space
are integrable.
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