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If vector field (s = 1) 
has nonzero 

background mode



coupling to vector field 
A = Avev + δA

ρφ ~ V >> ρA

☞ stable isotropic inflation assume f(φ) ∝ a2n

- n > 0: strong coupling regime
- n ≦ 0: electric field dominates
‣n = 0: ρE ∝ a-4

‣n = -2: ρE = const
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Hint(s) ~ ζ (Evev・δE + δE2)

Hint(t) ~ hab (EavevδEb + δEaδEb)
☝☟ preferred direction!
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e.g., Watanabe, Kanno, Soda: 0902.2833 



quadrupolar statistical anisotropy

Of course, quadrupolar anisotropy also appears in scalar-tensor-
cross and tensor-auto correlators: <ζh>, <h2>, <ζ2h>, <h3>, …

primordial correlators

<ζ2> ~ [∫dτ]2 <ζ2 (Hint(1))2> ∝ Ea Eb <δEa δEb> ∝ 1 - (k・E)2

<ζ3> ~ [∫dτ]3 <ζ3 (Hint(1))2 Hint(2)> ∝ <δEi δEj> <δEi δEk> Ej Ek
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If vector field (s = 1) 
couples to axion



e.g., Sorbo: 1101.1525, Barnaby +: 1210.3257inflaton = axion
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- recombination (z ~1100)

©NASA

CMB

- inflation

Statistical anisotropy creates 
directional dependence

- reionization (z ~10)

ζ, h

Dimopoulos: 0906.0903

21cm

LSS

Isotropic case



Parity violation search



CMB
relic of the primordial fluctuations stretched by the 
inflationary expansion

© D. Kashino

B(n) ~ [h(+2) - h(-2)] ΔB(t)

almX = ∫d2n X(n) Ylm*(n)

almB ~ [h(+2) - (-1)l h(-2)] ΔB(t)

T/E(n) ~ [h(+2) + h(-2)] ΔT/E(t)

T/E(n) ~ ζ ΔT/E(s)

almT/E ~ [h(+2) + (-1)l h(-2)] ΔT/E(t)

almT/E ~ ζ ΔT/E(s)



odd parity in l-space

Cl1l2TT, Cl1l2BB ~ <h(+)h(+)> + (-1)l1+l2 <h(-)h(-)>

Bl1l2l3TTT, Bl1l2l3TBB ~ <h(+)h(+)h(+)> + (-1)l1+l2+l3 <h(-)h(-)h(-)> 

almB ~ h(+) - (-1)l h(-)almT ~ h(+) + (-1)l h(-)

Cl1l2TB ~ <h(+)h(+)> - (-1)l1+l2 <h(-)h(-)>

Bl1l2l3TTB, Bl1l2l3BBB ~ <h(+)h(+)h(+)> - (-1)l1+l2+l3 <h(-)h(-)h(-)> 

GW correlators CMB correlators

<h(+)…h(+)> = p <h(-)…h(-)> Σln = even Σln = odd

P-even (p = +) TT, BB, TTT, TBB TB, TTB, BBB

P-odd (p = -) TB, TTB, BBB TT, BB, TTT, TBB

Kamionkowski & Souradeep: 1010.4304,  MS, Nitta, Yokoyama: 1107.0682



TB in |l1 - l2| = 0

Gerbino, Gruppuso, Natoli, MS, 
Melchiorri: 1605.09357

Saito, Ichiki, Taruya: 0705.3701WMAP3

Planck+BK

CTB ~ Ph(+) - Ph(-) ~ r χ Pζ

CBB ~ Ph(+) + Ph(-) ~ r Pζ
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CMB (angle-averaged) bispectrum
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Figure 2: Tetrahedral domain (‘tetrapyd’) for allowed multipole values l for the CMB bispectrum bl
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⌘ 2L (shaded brown) contains two thirds of the overall volume. The rest of the domain is given by the regular triangular
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 L. An origami tetrapyd is
also shown (right) with folding instructions.

A. Tetrahedral domain and weight functions
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defined by
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This region forms a regular tetrahedron if we impose the restriction that k
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, however,
it is more natural to extend the domain out to values given by a maximum wavenumber in each direction
k
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. This extension is motivated by issues both of separability and observation. The allowed
domain VT is then a hexahedron formed by the intersection of a tetrahedron and a cube. It can be obtained
from a regular tetrahedron (two-thirds of the total volume) by gluing on top a regular triangular pyramid
constructed from the corner of the cube (as illustrated in fig. 2). For brevity, let us denote this asymmetric
triangular bipyramid as a tetrapyd, from the merger of a tetrahedron and a pyramid. Of course, bispectrum
symmetries are such that it is only necessary to use one sixth of this domain, but aesthetics and intuition
are helped by keeping the full domain while making a restriction to symmetrised functions.
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Fergusson +:  0912.5516, 1006.1642
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Planck 
WMAP TTT
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Planck 2015: 1502.01592

MS, Liguori, Fergusson: 1409.0265



tensor NG f tens
NL ⌘ lim

ki!k

hh(+)
k1

h(+)
k2

h(+)
k3

i
h⇣k1⇣k2⇣k3i|feq

NL=1

fNLtens / 102

consistent with WMAP limits: 
fNLtens / 102 = 4 ± 16 (even), 80 ± 110 (odd)

P-odd TTE and TEE are very informative ☞ δfNL(T+E) / δfNL(T) ~ 0.1 
※ usual P-even scalar case: ~ 0.5 Let’s see Planck 2018

1σ signals of parity-odd NG

Barnaby, Namba, Peloso: 1102.4333
Cook & Sorbo: 1307.7077
MS, Ricciardone, Saga: 1308.6769
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σ

σ

๏inflaton Φ does not directly couple to A and sustains a 
stable inflation due to VΦ >> Vσ

☜maximum speed @ τ = τ*

๏pseudoscalar σ enhances A, generating sourced modes

σ

σ

☝Then σ is maximally amplified! 
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Namba, Peloso, MS, Sorbo, Unal: 1509.07521

A + A → σ → Φ  → ζ(sou)

A + A → h(sou)

e.g., Barnaby +: 1206.6117, Cook & Sorbo: 1307.7077, Ferreira & Sloth: 1409.5799
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Source modes roughly have a peak @ k ~ k* = -τ*-1

Pζ(sou), Ph(sou)

Depending on k*, a detectable peak appears in B-mode spectrum!

Namba, Peloso, MS, Sorbo, Unal: 1509.07521



r = 0.1

rvac = 16ε = 1.6×10-4

lensing BB

BB

green case (lpeak ~ 50) is easier to see!

🙆

🙅

🙅



TB ~ <h+2h+2> - <h-2h-2> ~ P+2(sou)

TB



BBB (l1 + l2 + l3 = even)

BBB ~ <h+2(sou)h+2(sou)h+2(sou)>



ideal noiseless CV-limit (fsky = 1) 

TTT is undetectable, but BBB is detectable

MS, Hikage, Namba, Namikawa, Hazumi: 1606.06082



Planck (fsky = 0.7)



LiteBIRD (fsky = 0.5)

S/N BB > BBB > TB+EB > 1!!



☞ tensor NG >> scalar NG
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Thorne, Fujita, Hazumi, Katayama, Komatsu, MS: 1707.03240

Agrawal,  Fujita, Komatsu: 1707.03240

Dimastrogiovanni, Fasiello, Fujita, : 1608.04216



Statistical anisotropy 
search



Interesting (l1,l2) configurations

Bartolo, Matarrese, Peloso, MS: 1411.2521

inflation CMB

parity 
symmetry

rotational 
symmetry

models |l1 - l2| = 0 |l1 - l2| = 1 |l1 - l2| = 2

○ ○ standard 
inflation

XX, TE - -

× ○ f(Φ)*FF, 
f(Φ)*RR

all - -

○ × f(Φ)F2 + 
Avev ≠ 0 XX, TE TB, EB XX, TE

× × f(Φ)*FF +  
Avev ≠ 0 all all all

off-diagonal components contain pure anisotropic information

※ XX ≡ TT, EE, BB, all ≡ XX, TE, TB, EB



<ζ2>

<h2>

<ζh>

Watanabe, Kanno, Soda: 1011.3604

|l1 - l2| = even in TT, TE, EE, BB |l1 - l2| = odd in TB, EB

primordial correlators: parity ⚪ isotropy ×

Planck 2015: g* = 0.23+1.70-1.24×10-2

h⇣k1⇣k2i = (2⇡)3�(3)(k1 + k2)P (k1)
h
1 + g⇤(k̂1 · p̂)2

i
off-diagonal componets of 
TE, EE, BB, TB, EB have NOT 
measured yet!



triangle condition: 

-(l1, l2) = (102 + l3, 100) 
-(l1, l2) = (|100 - l3| - 2, 100) 
-(l1, l2) = (100 + l3, 100)

(m1, m2, m3) = (10, 20, -30)

C = 1

primordial correlators: parity ⚪ isotropy × Gaussianity ×

|�1 � �2| � �3 � |�1 + �2|

Not measured yet!
MS & Yokoyama: 1107.0682



Isotropic measurement of anisotropic bispectrum
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ζ(k) → ζ(-k)parity tranformation

Rotational invariance enforces parity 
invariance in 2 and 3-pt correlators

<ζ(k1)ζ(k2)ζ(k3)> = <ζ(-k1)ζ(-k2)ζ(-k3)>

<ζ(k1)ζ(k2)> = <ζ(-k1)ζ(-k2)>

cf. h(s)(k) → h(-s)(-k)

<ζ(k1)ζ(k2)ζ(k3)ζ(k4)> 

4-pt is the lowest-order parity-violating correlator

<ζ(k1)ζ(k2)ζ(k3)ζ(k4)>*

∈ C

parity violation in the scalar sector

≠ <ζ(-k1)ζ(-k2)ζ(-k3)ζ(-k4)>

MS: 1608.00368
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Beyond large-scale 
CMB correlators
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P s(k, n̂) = Pm(k, n̂, p̂)
h
b+ f(k̂ · n̂)2

i2

RSD

anisotropic 3D galaxy power
MS, Sugiyama, Okumura: 1612.02645 

directional dep.

BipoSH decomposition

if isotropic, i.e., Pm = Pm(|k|) 

if anisotropic, 
the L ≧ 1 components 
also become nonzero!
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Constraints from the BOSS-CMASS data

data is consistent with anisotropies due to survey geometries

-0.09 < g* < 0.08 (95%CL)

Limits on statistical anisotropy from BOSS DR12 9

Figure 3. BipoSH coefficients of the power spectrum P 2M
20 (left panels) and the correlation function ξ2M20 (right panels) measured from

CMASS NGC. The errorbars on the data points are derived from the 1σ errors measured from the QPM mocks. The gray shaded regions
are the measurements from the QPM mocks, which do not include statistically anisotropic features, with the 1σ errors. The solid lines
denote the predictions of the linear theory assuming no anisotropic signal, namely g2M = 0, which are the same as the solid colored lines
in Figure 2. The predictions from the QPM mocks and the theory only include the effects of survey geometry asymmetries and are in
excellent agreement with the observations. Therefore, these figures show that the observed BipoSH coefficients, P 2M

20 and ξ2M20 for all M ,
can be sufficiently explained by the survey geometry effects.

MNRAS 000, 1–16 (2017)

Limits on statistical anisotropy from BOSS DR12 9

Figure 3. BipoSH coefficients of the power spectrum P 2M
20 (left panels) and the correlation function ξ2M20 (right panels) measured from

CMASS NGC. The errorbars on the data points are derived from the 1σ errors measured from the QPM mocks. The gray shaded regions
are the measurements from the QPM mocks, which do not include statistically anisotropic features, with the 1σ errors. The solid lines
denote the predictions of the linear theory assuming no anisotropic signal, namely g2M = 0, which are the same as the solid colored lines
in Figure 2. The predictions from the QPM mocks and the theory only include the effects of survey geometry asymmetries and are in
excellent agreement with the observations. Therefore, these figures show that the observed BipoSH coefficients, P 2M

20 and ξ2M20 for all M ,
can be sufficiently explained by the survey geometry effects.

MNRAS 000, 1–16 (2017)

Sugiyama, MS, Okumura: 1704.02868

vs. -0.0225 < g* < 0.0363 (Planck2015)



Anisotropic Tμ correlations

Pajer & Zaldarriaga: 1201.5375

✤z > 2×106: e- + γ → e- + 2γ

✤5×104 < z < 2×106 : e- + γ → e- + γ

Nγ changes, BB is restored

Nγ = const, BB is not restored

energy injections due to acoustic waves distort CMB’s blackbody (BB)!



T
μ
μ

MS, Liguori, Bartolo, Matarrese: 1506.06670

μ ~ ζζ
T ~ ζ → <Tμ> ~ <ζζζ>

off-diagonal components!
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<TTμ> ~ <ζζζζ>TTμ correlations

vector field model (d2)

MS, Bartolo, Liguori: 1607.01363
Bartolo, Liguori, MS: 1511.01474
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MS, Bartolo, Liguori: 1607.01363
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Anisotropic 21cm power spectrum
MS, Munoz, Kamionkowski, Raccanelli : 1603.01206

advantage
• tomography: 20 < z < 50
• small scale: k < 102 Mpc-1
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SKA: Dbase = 6km, fcover = 0.02, to = 5yr
FRA: Dbase = 100km, fcover = 0.2, to = 10yr



CMB 
anisotropy galaxy CMB 

distortion 21cm

scale 
[Mpc-1] 10‒4 - 10-1 10-3 - 10-1 10+1 - 10+4 < 10+2

pow:  
Δg2M, ΔA1M

10-2 10-2 (CMASS) 
10-3 (PFS)

>> 1 (CMBpol) 
10-2 (CVL)

> 1 (SKA) 
10-5 (CVL)

bis: Δc2 10
10 (2020’s?) 
[e.g. 1507.05903 (SKA), 
1607.05232 (LSST)]

102 (CMBpol) 
10-3 (CVL)

10-2 (CVL) 
[1506.04152]

tris: Δd2 100 ? 104 (CMBpol) 
10-2 (CVL) ?
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s nonvanishing components: g2M, g4M, …, g(2s-2)M and g(2s)M

g(2s)M is almost independent of s, so g(2s)M ~ 10-3 will be detectable

Beyond spin-1 fields

Baltolo, Kehagias, Liguori, Riotto, MS, Tansella: 1709.05695
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